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to Vn_l3 which proves that (ct\cj) = 0 for l**i<j^n; moreover, as
MVB-i by assumption, cn*0, hence cl9 ...,cn-l9cn is an orthogonal
system; moreover, bn~cneVB_i, hence cl9...9cn generate the same sub-
space as the union ofVn^ and {bn}, i.e. VB. This completes the proof.
If we normalize the system (cn\ by putting att = cj\\cn\\9 the system (an)
is said to be deduced from (bn) by the orthonormalization process. For
instance, in the space F = «'C(I) considered in (6.5.1), the sequence (tn) is
total (as will be proved in (7.4.1)) and obviously consists of linearly indepen-
dent vectors. If we denote by (QB) the orthonormal system deduced from
(tn) by orthonormalization, it is clear that QB(0 = an*n + ''', polynomial of
degree n (with an ^ 0) with real coefficients; the Qn are (up to a constant
factor) the Legendre polynomials (see Section 8.14, Problem 1).
(6.6.2)   Any separable prehilbert space (resp. Hilbert space) is isomorphic to a
dense subspace of I2 (resp. to I2).
As there exists in a separable prehilbert space a total orthonormal system
by (6.6.1), the result follows at once from (6.5.2).
PROBLEMS
 1.	Let E be a separable noncomplete prehilbert space. Show that there exists in E an
orthonormal system which is not total, but which is not properly contained in any
orthonormal system (imbed E as a dense subspace of a Hilbert space, and use problem
3 of Section 6.3).
 2.	Let E be an infinite dimensional separable Hilbert space, V a closed vector subspace
of E. Show that if V is infinite dimensional, there exists an isometry of E onto V (write
E as the direct sum of V and its orthogonal supplement V, and take Hilbert bases in V
and V.
 3.	Let (xt)i «= t <* be a finite sequence of points in a prehilbert space E. The Gram determinant
of that sequence is the determinant G(xi9x2 , . . . , xn) » det((*j | xj)).

 (a)	Show that G(xl9 . . . , xn) ^ 0 and that Gfa, . . . , *„) » 0 if and only if the xt are
linearly dependent. (Consider a Hilbert basis of the sub space generated by the x( , and
express the xt as linear combinations of that basis.)
 (b)	Suppose the #rare linearly independent, and let V be the ^-dimensional subspace
which they generate. Show that the distance of a point x to V Is equal to
(find the projection of* on V, writing it as a linear combination of the xt).
4.   Let M be a compact subset of a Hilbert space E; if E4 is the smallest closed vector
subspace of E containing M, show that ei is separable.

